Translation rate per mRNA molecule correlates positively with mRNA abundance. As a result, protein levels do not scale linearly with mRNA levels, but instead scale with the abundance of mRNA raised to the power of an "amplification exponent". Here we show that to quantitate translational control, the translation rate must be decomposed into two components. One, TR mD , depends on the mRNA level and defines the amplification exponent. The other, TR mIND , is independent of mRNA amount and impacts the correlation coefficient between protein and mRNA levels. We show that in S. cerevisiae TR mD represents ~20% of the variance in translation and directs an amplification exponent of 1.19 with a 95% confidence interval [1.14, 3
Introduction
The relative contributions of transcriptional and post-transcriptional control to protein expression levels in eukaryotes are the topic of ongoing debate (1, 2) . One view suggests that translation and protein degradation together play the dominant role because protein and mRNA abundance data correlate poorly (coefficient of determination for log 10 transformed values R 2 prot-RNA = 0.2-0.45) (3) (4) (5) (6) (7) (8) . Other work, though, has shown that the correlation is much higher when measurement error is considered (R 2 prot-RNA = 0.66-0.83), implying that transcription dominates (9) (10) (11) . In addition, translation affects not only the correlation coefficient between protein and mRNA, but also the slope of the relationship because translation rates increase with mRNA abundance (11) . Whereas most studies assumed that protein abundances scale linearly with mRNA levels, Csardi et al. demonstrate that protein abundances scale with mRNA levels raised to the power of an "amplification exponent" (b prot-RNA ).
In this article, we argue that because translation affects both R 2 prot-RNA and b prot-RNA, the approaches used previously to quantify the contribution of translation to protein expression are invalid. Prior approaches have sought to provide a single metric to estimate translational control:
the impact of translation on R 2 prot-RNA . We propose that, instead, proper quantification requires that translation rates (TR) be decomposed mathematically into two components: one that is dependent on mRNA abundance (TR mD ) and one that is not (TR mIND ). For a given gene i
where TR is the number of protein molecules translated per mRNA molecule; TR mIND only affects R In the first scenario, translation rates are equal for all genes (i.e. TR i = constant) as are protein degradation rates. Therefore, R 2 prot-RNA = 1 and b prot-RNA = 1 ( Figure 1A ). In the second scenario, translation rates correlate perfectly with mRNA levels (i.e., TR i = TR mDi ), while the protein degradation rate is constant for all genes. Thus, R 2 prot-RNA = 1 and b prot-RNA > 1. ( Figure   1B ). In the third scenario, translation and protein degradation rates are both uncorrelated with mRNA (i.e., TR i = TR mINDi ). Therefore, R 2 prot-RNA < 1 and b prot-RNA = 1 ( Figure 1C ).
The third scenario is the one most widely considered in the literature. Csardi 
Materials and Methods

Data
All of the data used are provided in Datasets S1-7. The mRNA and protein abundance datasets used by Csardi et al. as input to their Bayesian model (Dataset S1) are from their file "scer-mrna-protein-raw.txt" (11) . The estimates for the true abundances of mRNA and protein generated by Csardi et al.'s Bayesian model (Dataset S2) are from their file "scer-mrna-proteinabsolute-estimate-sample.txt" and are for a single sample from their "SCM" values (11) . The scaling-standard mRNA data are from NanoString (12, 13) , qPCR (14) and competitive PCR (15) studies (Dataset S3). Three scaling-standard protein datasets were measured by western blot (16) , flow cytometry (17) and selected reaction monitoring mass spectrometry (18) (Dataset S3).
A fourth scaling-standard protein dataset was compiled as an extension of one by von der Haar (19) to which additional data were added (20) (21) (22) (23) (24) (25) 
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The relationship between the steps in protein production
For simplicity we consider the ideal case where there is no measurement error, i.e.
where the true values are measured. It is assumed that the system is at steady state. We We assume that PnD is not correlated with mRNA abundance and, thus, has no impact on b prot-
RNA . This appears to be a reasonable assumption because the correlation between measured values for PnD and mRNA abundance is very low (R 2 PnD-RNA < 0.005; Supplementary Table   S2 ).
The abundance of a chosen protein is given by
log(prot) = log(RNA) + log(TR) + log(PnD) (ii)
In an idealized situation where log-transformed translation rates correlate perfectly with logtransformed mRNA levels (i.e. R 2 TR-RNA = 1; and TR mIND = 1)
When log-transformed translation rates only partially correlate with log-transformed mRNA levels then
Combining (ii) and (v) log(prot) = log(RNA) + log(a) + b TR-RNA • log(RNA) + log(TR mIND ) + log(PnD)
From (vi), the slope of the relationship between log(prot) and log(RNA) is (1 + b TR-RNA ), i.e.,
Combining (vi) and (vii)
Estimating the slope b TR-RNA and the contributions of TR mIND and TR mD to TR.
Having defined the basic relationships between steps in protein expression, we now estimate the value for b TR-RNA and the contributions of TR mIND and TR mD to TR.
From (iv) and the fact that log(TR mD ) and log(TR mIND ) are uncorrelated by definition var( log(TR) ) = var( log(TR mD ) ) + var( log(TR mIND ) ) ,
where var is the variance.
From (iii) and given that var( log (a) ) = 0
Combining (ix) and (x)
Therefore true slope
where sd is the standard deviation.
We considered three different regressions for estimating the value of the true slope b TR-RNA , finding that the Ordinary Least Squares (OLS) regression described is the most appropriate (Supplementary Methods S3).
Results
Estimates for b prot-RNA from protein and mRNA abundances
The previous estimate for b prot-RNA was derived using a Bayesian model to determine the true levels of mRNAs and proteins based on multiple abundance datasets from the literature and imputed values when data were lacking (11) . However, the methods used to produce most of the empirical data input to this model (e.g. mRNA microarray, RNA-seq, and label-free mass spectrometry) do not employ internal concentration standards. As a result, the standard deviations of the data can be-depending on the method-either systematically compressed or systematically expanded relative to the true values (9, 11, (30) (31) (32) . There is no guarantee that such reproducible biases can be corrected by a Bayesian model. The slope of any relationship depends on the standard deviations of the x and y values, so improperly scaled data is likely to exhibit an inaccurate slope.
We therefore re-estimated b prot-RNA by correcting abundances of protein and mRNA using datasets that had been derived by methods employing internal concentration standards.
The internal standards are used to account for any linear or non-linear scaling bias in the raw data, and thus the final data produced by these methods should be reasonably scaled. Data for individual genes will still include some gene specific error, but the standard deviation of the whole dataset will not be much impacted by such error. We refer to these datasets as "scalingstandards". NanoString (12, 13) , qPCR (14) and competitive PCR (15) 
Estimates for b prot-RNA from ribosome profiling data
The previous study used a "toy" model to independently determine b prot-RNA from the slope and correlation between translation rates and mRNA abundances (11) . Using averaged measurements of translation rates and mRNA abundances from several ribosome profiling studies (28, (34) (35) (36) , it was suggested that the toy model was consistent with b prot-RNA = 1.69 (11).
Since our results are inconsistent with this estimate for b prot-RNA , we have independently explored the relationship between b prot-RNA and ribosome profiling data. Again we adopted a non-modeling approach that defines the appropriate mathematical equations and employs the most accurate datasets available.
The correlation between measured protein degradation data and mRNA abundance data is negligible (R where b TR-RNA is the true slope between log-transformed translation rates versus logtransformed mRNA levels.
To estimate b TR-RNA we employed two available ribosome profiling datasets: one used by Csardi et al. (11), which we refer to as "Csardi-median", and another from Weinberg et al. (26) (Dataset S4). The Weinberg data is corrected for a poly-A mRNA selection bias as well as for the small variation in overall translation elongation rates between genes that results from different codon usage. As a result, these data show a higher correlation between translation rates and mRNA levels than previously observed (26) and appear to be more accurate than the Csardi-median data because they correlate more highly with both the mRNA and the protein scaling-standards (Supplementary Table S3 Table S4 ).
Rather than correcting the Csardi-median data, we analyzed it in its original form so that we could compare analysis strategies on the same data. The result suggests that b prot-RNA = 1+ 0.28 = 1.28 with a 95% bootstrap quantile confidence interval [1.26, 1.31] (Table S4 ). The earlier claim that ribosome profiling data were consistent with an amplification exponent of 1.69 must therefore be largely due to differences between our analysis methods and those employed before, not the data used. Table S4 ).
The RgMA slope, however, is insensitive to the correlation coefficient (Supplementary Table S5 and Methods S3). In effect, this regression assumes that the true translation rates and true mRNA levels correlate perfectly and that the poor correlations observed between the data (R Figure 3B and C) provides our most accurate estimate for b prot-RNA as 1.19 with a 95% confidence interval [1.14, 1.26].
Estimating mRNA abundance-dependent and independent translational control
The variance in protein levels is caused by gene-specific differences in mRNA abundances, translation rates, and protein degradation rates. Because translation rates correlate with mRNA levels, it has been suggested that the percent of the variance in true protein amounts that is explained by the true individual contributions of mRNA, translation, and protein degradation sum to more than 100% (11 Figure S2 and Dataset S4). In addition, from these same regressions we determined the percent of the variance in TR that is explained by the variances in TR mD and TR mIND . Assuming no measurement error, these values are 19%-22% and 78%-81% respectively (Table S4 ). Table   S4 ). Because these percentages were surprisingly low, we recalculated the contribution of TR mIND by regressing the protein scaling-standards against it to test for an unknown bias in the output of the Bayesian model. The mean contributions of TR mIND to the variance in the scalingstandard protein datasets were also low: 3% (Supplementary Table S6 ). We also re-estimated TR mIND by regressing translation efficiencies against the Bayesian mRNA abundances to avoid any potential bias in the mRNA data from the ribosome profiling studies. These re-calculated values for TR mIND , though, still only explain <1% of the variance in the Bayesian protein data.
To compare our new metrics to one derived from undecomposed TR, we determined the R 2 coefficient of determination between undecomposed TR and protein abundance data. R 
Estimating post-transcriptional control
The contribution of protein degradation to the variance of protein abundance in actively dividing yeast cells is very low because the median half-life of proteins is 3.5 times longer than the cell division rate (27) . By our estimate, this contribution is <2% (Supplementary Table S2 ).
As explained above, the percentage contributions of the variances in the true values of mRNA,
TR mIND , and PnD should sum to explain exactly 100% of the variance in true protein levels (Materials and Methods, Equation v). For measured data, though, the sum of the contributions is no more than 77% (mRNA) + 3% (TR mIND ) + 2% (PnD) = 82% (Figure 5A and Supplementary   Tables S2, S4 and S6 ). This discrepancy reveals another advantage of our framework. The ~18% of the variance in protein data that is unexplained ( Figure 5A ) should be due to measurement error. Our approach thus provides an assessment of the magnitude of error, whereas error cannot be estimated if TR is left undecomposed.
Further, if we assume that the proportion of measurement error is similar in each data class, we can estimate the contribution of the true values of each step to true protein expression. When we do this, the variance in the true values of TR mIND + PnD explain ~7% of the variance in true protein levels, while TR mD makes an additional contribution by increasing slope b prot-RNA from its ground state of 1 to more like 1.19 ( Figure 5B ). The expected correlation between true protein and true mRNA abundances is thus R 2 prot-RNA ~0.93 ( Figure 5B ).
The mRNA sequence determinants of TR mD and TR mIND
The fact that translation rates correlate with mRNA abundances suggests that highly expressed mRNAs contain features in their nucleic acid sequences that specify faster rates of translation than mRNAs present at low levels (11) . Such mRNA sequence features would thus correlate with the values of TR mD . TR mIND is by definition fully uncorrelated with mRNA abundance and with TR mD . It is plausible then that the two components of translation may be specified by different sequence elements. We therefore sought to determine if there are mRNA sequence features that specify TR mD and to assess if these differ from those that define TR mIND .
Extensive prior work has identified several mRNA sequence features that correlate with, and in some cases have been directly shown to affect, rates of translation (26, 28, (37) (38) (39) (40) (41) (42) (43) . Based on this earlier work, we defined a set of seven sequence features that each contribute to a multivariate model that predicts 55% of the variance in rates of translation (Supplementary   Table S7 and Methods S4). Of note, we found that an A-rich, G-poor position weight matrix The -35 to +28 element is much less likely to adopt a folded RNA structure in highly translated mRNAs than it is in poorly translated mRNAs ( Figure 6B ), suggesting that those sequences that strongly match the PWM may function at least in part by specifying an unfolded structure.
We then determined the percent of the variances in TR mD and TR mIND that are explained by each of the seven features ( Figure 6D and Supplementary Table S7 Table S8 ). Thus, poly-A tail length and CDS RNA folding likely act at least in part by impacting mRNA stability. There is no evidence that the other five features affect mRNA stability.
Discussion
We have presented a revised framework for determining the contribution of translation rates to the differences in protein expression between genes. Because translation rates are partially correlated with mRNA abundance, it is not possible to provide a single metric to capture Because b prot-RNA is an amplification exponent for non-logged abundance data, this disagreement between estimates is large. b prot-RNA = 1.19 implies a range of mRNA abundances in the cell that is fifty fold larger than that implied by b prot-RNA = 1.69 (Dataset S2 and Figure 3) .
One of the two approaches that we used to estimate b prot-RNA is based on multiple protein and mRNA abundance scaling-standard datasets that were each produced using methods that employed internal concentration standards and should thus be properly scaled. Broad
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agreement is observed between scaling-standards from separate studies that used different methods ( Figure 2 ). Our other estimate of b prot-RNA is based on the correlation between measured translation rate and mRNA abundance data. Our two independent estimates are similar (means 1.17 vs 1.24; Figure 3B and C), implying that they are reasonable. The prior estimate of b prot-RNA = 1.69, by contrast, used a Bayesian model to infer the scaling of true protein and true mRNA abundances from datasets that in some cases were produced by methods that yield biased scalings (Figure 4) . The model had no guide for which data input was correctly scaled, and thus it had no way to determine a correct scaling. It was also previously claimed that the correlation between ribosome profiling data and mRNA abundances was consistent with b prot-RNA = 1.69 (11) . Our analysis, however, indicates that this claim in effect assumes that true translation rates and true mRNA abundances correlate perfectly (see Results) , an idea that is inconsistent with the available evidence.
Given estimates for TR mIND , protein degradation and measurement error, we showed that it is possible to estimate R (26) . In addition, translational regulation of specific transcripts in response to stress in S. cerevisiae is generally less than threefold and limited to a minority of genes (36, 44) . Finally, unlike animals, plants, and other fungi, S.
cerevisiae lacks micro RNAs (45) . The degree of transcript-specific translational regulation may be limited in this species, and so a particularly high correspondence between protein and mRNA abundances should be unsurprising.
By considering which mRNA sequence features determine TR mD and TR mIND , we have also been able to provide insights into the mechanisms controlling translation. Extending detailed prior studies (26, 28, (37) (38) (39) (40) (41) (42) (43) , we showed that seven sequence features can explain 55%
of the variance in translation rates ( Figure 6 and Supplementary Table S7 ). Importantly, the seven features do not all affect TR mD and TR mIND equally ( Figure 6D ). In particular, ORF length correlates 3.9 times more strongly with TR mIND than with TR mD , while an A-rich, G-poor PWM for nucleotides -35 to +28 correlates significantly more strongly with TR mD than with TR mIND . These differences suggest that these two components of translation are under different selective pressures.
Translation initiation in eukaryotes is enhanced by a circularization event that brings the 5' and 3' ends of mRNAs into close proximity (46) . The negative impact that longer ORFs have on translation rates results because this circularization is less efficient for longer mRNAs than for shorter mRNAs (26, 47) . Given this, it can be readily understood why there might be dramatic differences in the degree to which ORF length specifies TR mD versus TR mIND . ORF length and mRNA abundance are under strong selective pressures that are unrelated to the control of translation rates. The relatively weak negative correlation of ORF length with TR mD should thus be mostly determined by these other strong selective forces. In contrast, TR mIND has no correlation with mRNA abundance, and thus the degree to which circularization efficiency affects translation will be fully reflected in the strong anti-correlation we observe between ORF length and TR mIND .
Previous work indicates that A-rich sequences in the region -10 to -1 result in higher rates of translation and that nucleotides between either +4 to +6 or +10 to +20 also play a role (37, (39) (40) (41) 48) . Our analysis is consistent with this evidence, though suggests that the A-rich element is more extensive, stretching from nucleotides -35 to -1, and that all of the region from +4 to +28 is involved ( Figure 6 and Supplementary Figure S3 ). The -35 to -1 region in highly translated mRNAs has a less folded RNA structure than in mRNAs translated at lower rates ( Figure 6B ) (38, 39, 43) . Thus it is possible that the A-rich sequences act only by specifying The length of poly-A tails and the degree of RNA folding in the CDS also show strong discrimination in their correlation with TR mD versus with TR mIND ( Figure 6D ). These two features, however, unlike our other five, appear to act at least in part by modulating RNA stability (Supplementary Table S8 ). Thus, their correlation with TR mD may not reflect a direct effect of translation but instead an impact on mRNA abundance. The three remaining features-5' UTR length, number of 5' UTR AUGs and 5'UTR folding-do not show significant differences in their correlation with TR mD and TR mIND . They contribute to both, establishing that TR mD and TR mIND are each specified by multiple sequence features.
Figure Legends (A) Translation rates for all expressed genes are equal, as are protein degradation rates.
(B) Translation rates vary between genes but correlate perfectly with the amount of mRNA.
Degradation rates for all proteins are constant.
(C) Translation and protein degradation rates vary but are uncorrelated with mRNA abundance.
Upper panels show the relationship between protein and mRNA levels; lower panels show the relationship between translation rates and mRNA levels. The coefficients of determination (R 2 ) and slopes (b) are indicated. +20  +15  +10  +5  +40  +35  +30  +25  +50  +45   +1  -5  -10  -35  -30  -25  -20  -15  -45  -40  -50  +20  +15  +10  +5  +40  +35  +30  +25  +50 
